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The equations of moticn of two linear periodic chains of non-linearly interacting particles are considered in the long-wave
approximation. The system of equations obtained is a model for describing wave processes in two-component media. Methods
of group analysis (see, for example, [1]) are used to pick out the submodels that admit of the largest group of point mappings.
Particular invariant solutions are presented resented for two submodels with obvious mechanical interpretations. It is shown
that, if the potential of the non-linear interaction can be expressed as a harmonic function of the relative displacement of particles
in the chains, and the acoustic velocities of non-interacting chains are different, the system is a special type of soliton filter; the
allowed soliton velocities are determined. A few solutions describing the long-wave dynamics of the system are presented, assuming
the presence of additional shear forces.

1. Consider two coupled linear periodic chains of particles (see Fig. 1), where the mass of any particle
of the “upper” chain is m; and of the “lower” chain m,. In the equilibrium configuration the distance
between adjacent particles in each chain is a. The particles may move only along smooth tracks parallel
to the X axis. The interaction between next neighbours in the chains is considered in the usual harmonic
approximation, but the interaction constants may be different: §; and ;. The function characterizing
the interaction between the chains depends on the displacements of matching particles (P. and P> )-
The precise form of the function is for the moment not essential; it will be an arbitrary element in the
group classification problem to be considered below.

Let u,, be the displacement of particle P} and w,, that of particle P2 . The dynamics of the system is
described by the equations

myii, =B, (4,4 —2u, +u,_;)~0H(u,,w,)/ ou,

1.1
m2wn = BZ(WnH _2wn +w, ) _aH(un’wn)/awn ( )

(the dot stands for differentiation with respect to time); H(x,, w,) is the energy of interaction of P}
and P2.
Changing to dimensionless variables

i
. C - X . u - m w -~ H
f==tg, V==, uUu=-—, ={=2 , H= 3
a a a m a myc;
2 2
2_02_Bzml Z_Bia =12
c =2 = y =/, =1,
o Bim, m;

introducing the force function (&', w) = -H (@, w) and taking the long-wave approximation, we
deduce from (1.1) the following system of partial differential equations (the tilde is omitted)

Uy — Uy = fi(u, W), Wy — czwxx = fulu, w) (1'2)
2. Table 1 lists the results of classifying equations (1.2) by groups of point transformations.

If f(u, w) = 0, system (1.2) splits into two independent Klein—-Gordon equations, whose group
classification has already been carried out by Lie (see, for example, [2]). The case ¢ = 1 has
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Fig. 1.

been investigated [3], the highest symmetries of the equations have been determined and cases of
complete or partial integration have been described. These two cases will therefore be omitted in what
follows.

The classification is carried out up to all continuous equivalence transformations obtained by the
infinitesimal method [1] and the obvious discrete transformations

f=at+a,, i=ax+a,, G=au+as, Ww=aw+ag, f=ala;’f+a

t——t, x—=x, t—t x-——=X (2.1)
U= —lU, WoW, U—U, W —W

t—=t, xoxlc; u->»w, w-u, -l

(a; ( =1,2,...,7) are arbitrary constants satisfying the non-degeneracy condition a;a, # 0).

Table 1

fu,w) Admissible operators

Arbitrary function X, = G X, = d

uCF(ulw), c=0

l -
F(z)#s(&——) for 6#2
z

F(z)$A+§-+-i- for o=2

€"F(8u-w) X, =rai+ xsa-—z(ai+5§—)
Fz)#eet oo v
F(ul/w)+€lnu 9 9 9 9

. | X3=I-a—‘-+x-$+u-a—u+w$
F(z)*eln(s——)
4

d ]

_ _ 2 =@, x)| —+8— |, i=3.,4,5,
F(8u—w)+ Auw +(e-8A)? /2 X; ¢,(rx)(au+83w) i=3,4,56
F"@)#0

de-A bect - A (3 = COSAXCOSW!, (4 =SinAxsinpt
M=o w0, = ———20;
R vrie Al i T S
@5 =CcOsAXSInp!, @g =sinAxcosps

by A=0, uz =—%=—£; Py = XCOSKL, - s ='xsinut
@5 = COS|Lt, @ =Ssinps
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Table 1—(continued)
Lfu,w) Admissible operators
Arbitrary function =_a. X =i
=g M=y

Qg =cospt, @ =sinpt
<) 7‘2=_A.!'“ pn=0 @3 =1COSAX, @4 =/SinAx
& 1

@5 =COSAY, @ =sinAx

F(Su - w) + euw — Se’2 ){,sq),(rx)( +8—], i=3,4,56
F@2)=0 @3 = COSAY COSA!, @, = SinAx sinAs,
- @5 = cosAx sinA!, Qg = sinAx CosAt,
8-
- 2 ,
FiSu—w)+ An X; =q;(t, x)(a +5.5;v..), i=3,4,5,6
F(2)#»0 Pa=1x, Q=1 @s=x, Q=1
DFE)=e®+Bz, 020,1,2 22,9 .2 ( a _Q_)
X; Ia +xax+ 3u waw +
]
+-ll,—:v(t x)( d +83w-)
2) F(z) = get + Bz 14,0 .09 (_ i)
X; 13' ™ +2a +wy(t,x) a“+83w
3) Fz) =€lnz + Bz 0, 9,93 3.1 (_. i)
X; ra'+xax+uau+waw+2wu,x) a“+saw
Y F@)=ezinz _, 9, .0 (_Q_ a) €
X ta'+xa +2 "8 +w +_T——(c ™)
x[(1+8%c2)? +(1+8)x° ](——+5%)
A2 B = 9 92
2u +2w +uw+ Cu+ Dw X,,x—(P(I,X)au‘*x(l.x)aw.
where @y =@ = AQ+X, X —CXey =0+ BY
WAB#1, C=D=0; X =udwd
i ou ow’
b)AB=1 oofus R=BC 2)2
3 2(A+B) Jou
+(W_A(D—BC)'2+AC+D)1
2(A+B) A+B jow

Notes to the table:
1. 221, £ (u,w)20.
2. A, B, C, D and ¢ are arbitrary real constants, 8 is a positive and 3™ is a non-negative real constant; ¢ = £1,€ =0, £1.
3. The constants A and p take real or mag;n ary values.
4. y(t, x) = (118(c2 - D){[A8c? + B(1 + D)7 + [48 + B(1 + B}
5. If f{u, w) = F(8u —w) + Au, where F'"(x) # 0 up to equivalence as defined by (2.2), it may be assumed that4 =B = 0.
6. Additional operators for intersecting subcases are listed only once.
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The operator of an admissible point group has the form

19, 20
du ow

El=Ct+C,, E2=Cx+Cy, ' =Cu+0(t,x), n?=Cow+y(t,x)

d d
x=t'2 .29
v wad Iewh

where the functions ¢(t, x) and y(¢, x) satisfy the classifying equations
Py =P = (2CI - C4 )f;, + (C4u + (P)f;m + (C4W + \l’)fuw
Ve — cz\v,\:x = (ZCI - CA)fw + (CAu + ‘P)fuw + (C4W + \V)fww

C; (i = 1, 2, 3, 4) are arbitrary constants.
The classifying relation is

where b; (i = 1, 2,...,7) are constant coefficients.

In the subcases the group of equivalence translations may be larger than (2.1). For example, if f(x,
w) = F(du — w) + Au, where 8 and A are constants, F”’(z) # 0 (the prime stands for differentiation
with respect to the argument of the function), all additional continuous transformations have the form

i=u+l, w=w+8{, f=f+0 2.2)
where

1. 0=0, { =agtx + a¢t + a;ox with arbitrary constants ag, a9 and a,; - .
2. 9.=0,§ = (% + DIN2c* - 1)))(A - A), where A satisfies the equation dA /da = ®(A ¢, 5),

=0 — ’
3. 8 =x(4, ¢, 8)(du —w), { = (x(4, ¢, B)/(25(c% - 1))[(1 + ) + (1 + )7
where @ and « are arbitrary functions of their arguments.

3. Let the force function have the form f(u, w) = —(8u, w)*. The variable change
=%, w=w, =2t i=2x 3.1)
then reduces Eqs (1.2) to the form (omitting the tilde)
Uy = e ==~ w), wy—Fwy = (- w) (32)
It can be shown that this submodel corresponds to the case in which particles P. and P2 are coupled
together by a Hooke spring, provided that u,, —w,| < I, where [ is the distance between the chains (the

length of the unstretched spring). We must then assume that 82 = m,/m, in (3.2).
The following operators constitute a basis for the Lie algebra of Eqs (3.2), taking (3.1) into account

o’ ' 7 du ow’ ou ow du dw
3.3)
Jd 4 d d d d (
X = — =, X =t— —— Y — — W —
6 tx(au+aw) 7 tat +x8 “au waw
Equations (3.2) also admit of reflections
Pt —t, XX, 1Dl XX, US> —U, W —w 3.4)

Let us consider some particular invariant solutions of Eqs (3.2). A solution invariant under the
operator X, + 0X; (o = 0 or 1) has the following form (C; and C, are arbitrary constants; it may be
assumed up to the first equivalence transformation (2.2) that C; = C, = 0)
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82 1
u= +82 p(t)+§, W=—1—+—8'2"P(t)+§
o (3.5)
&= Sz any (8 #1481+ Gie Gy
where
p=-Mp"-p, A=1+8" p=a(?-1) (3.6)

The energy integral of Eq. (3.6) can be written as
I
.\2 ?_1_4 _ . :=_2 (E)A
o +2p +2up-2E"=2E, E 4u x

To any number E > 0 there corresponds a bounded periodic solutlon of Eq. (3.6) which describes
non-linear oscillations about the equilibrium position p = —(u/ A)** in the domam P € [p1, pa], where
p1 and p; are the least and greatest real roots, respectively, of the equation Ap%/4 + pyp —E" = E.

If o = 0, the solution (3.5) is spatially homogeneous (this may be regarded as the case of extremely
long waves) and may be expressed in terms of Jacobi elliptic functions, for example, as

82 ( 4E YA 2% 2 2 _ |
1552 (1+52) en{(4E(14+8°)) 41, k]=-8°w, k*= 3

The partlcles in the chains move in opposite directions, the oscillation amplitudes being the same only
in the case 82 = 1 (11, = my). In the limit as § — 0 (m; > m,), we obtain a solution describing oscillations
of the “lower” particles only

u=0, w=(4EY cnl(4EYitk), K*=Y

A solution invariant under the operator X; + qu 5 (o = 0 or 1, where v is an arbitrary constant)
has the following form when v? # 1, ¢2, (1 + 8%%)/(1 + &%) (up to the first equivalence transformation
(2.2), it may be assumed that C; = Cz =0)

u=0"{82(v - P)p(x—vr)+m}, w=0""{(1-v2)p(x - vr)+1} 3.7

=8Vt -cH)+v2-1

n =a(l+82)mx—-%[(1+82)t2 +(14+8)x2 ]+ Cx—v0)+ C,
where

2
il TR o2 B (3.8)

= 3 , - v
b L T B v oRc B D -c)

If A; > 0, formula (3.8) is identical with (3.6), apart from the notation. Consequently, the solutions
of Eq. (3.8) in this case are bounded and describe periodic travelling waves. The waves may propagate
at velocities in the range

vZe 1§, M{ UL, +oof (3.9)
1+ 822

(s =min{l,c?), M= e

L= max{l,cz}J

In particular, when o = 0 we obtain a solution in the form of conoidal waves
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4
u= U(‘;—ET/ cn[(4EM, )y‘ (x—vt),kl=Ww
l

20,22 2
U=_5_(_‘l____“_), W= 8(‘)—_), k2l, E>0
o 1-v? 2

If A, <0, then (3. ) may be regarded as the equation of motion of a particle in the field of a potential
well U(p) = — | A1} p"/4 + pyp, in which case no non-trivial bounded solutions exist.
Using the reflections (3.4), which are admissible for equations (3.2), one can obtain solutions with

other sign combinations.

4. Let the force function have the form f(u, w) = cos (8u — w) — 1. The variable change & = 3u,
w = w will then reduce Eqgs (1.2) to the following form (omitting the tilde)

Uy — Uy = =O%sin(u — W), wy, —cw,, = sin(u — w) 4.1)

This submodel is a possible generalization of the Frenkel-Kontorova (FK) dislocation model [4, 5].
While the FK model is concerned with the displacement of one part of a crystal relative to another
part, which is treated as if motionless, here it is assumed that both parts of the crystal are deformed
(Fig. 2). Assuming that the half-planes x = const,y > 0 and x = const, y < Oare moving linearly along
X, we obtain a model of coupled particle chains (4B and CD in Fig. 2). Assuming that the potential of
the non-linear interaction in long-wave motions is a harmonic function of the partlcle displacements
in the chains and changing to dimensionless variables, one obtains Eqs (4.1) with 8% = mym,. The
dimensional and dimensionless variables are related by

%

- - - a - a

Feyt, E=yer d=Zu, w=-w, x:(ﬁ'&)
2nt

where 1 is the interaction constant, which has the dimensions of force.

The transition from (4.1) to the FK model is obtained by letting & — 0 (m; > m,). Indeed, setting u
= 0, we obtain the well-known Sine-Gordon equation for the displacements of the particles of mass
m,, in this case, as obtained in the FK model.

The first six operators of (3.3) constitute a basis of the Lie algebra of Eqs (4.1). Equations (4.1) also

admit of reflections (3.4).
Let us consider a few solutions of Egs (4.1). A solution invariant under the operator X, + oX; (where

o is a non-negative constant) has the form (3.5), where p(z) satisfies the equation

p=-Asinp-y, A=1+82%, u=a(c2—l) 4.2)

vd 4 L ) L
I 1 l ¥
A 7 T i 7 <
/ / !
g l' / g 1 H X
4 Vi J 1 i )
’ ] L y/j
Om J\
 { T T T T Rl

Fig. 2.
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The energy integral of Eq. (4.2) may be written as
(p)r +2M(1~cosp)+2up-2E* =2E 4.3)
E'=A-(\*- uz)% +WUpy, Po=-—arcsinpt/A

If
Il < A (4.4)
then to any number E in the domain
0<E <2\ -mlul - 2R* 4.5)

there corresponds & bounded periodic solution of Eq. (4.2) describing non-linear oscillations about the
equilibrium position p = pg in the domain p € [p;, p;], where p; and p, are the least and greatest real
roots, respectively, of the equation A(1 — cos p) + pp — E* = E in the interval ]-n + arcsin a/A,
= + arcsin a/A[. It is assumed that py € 1-n/2, 7/2[.

Let o = 0. Then Eqgs (4.2) describe the oscillations of a mathematical pendulum and can be integrated
in elliptic functions (see, for example, [6]). The corresponding spatially homogeneous solution of Eqs
(4.1), which describes oscillations of the particles about their equilibrium positions, is

2
u= 12852 arcsin{ksn[(1+8%)%1,k]} = -8%w, 0<k<1
+

A solution invariant under the operator X; + u)gz + oX, (where v is an arbitrary constant and o. is
a non-negative constant) has the form (3.7) when v? # 1, ¢2, (1 + 8%%)/(1 + &%), where the function p(x
— v¢) satisfies the equation

p’ = ~hsinp — u, (4.6)

where A; and p, are the same as in (3.8).
If A; < 0, the change of variable p” = p + = reduces Eq. (4.6) to the formp™” = — | A;| sin p — ;.
Therefore, we may assume when analysing Eq. (4.6) that A, > 0, and the equation is then identical,
apart from notation, with (4.3). Consequently, when conditions of the same type as (4.4) and (4.5) are

satisfied, the solutions of Eq. (4.6) are bounded and describe periodic travelling waves. When A; > 0
the waves propagate at velocities in the range (3.9); if A; < 0, the velocities are in the range

vie [0,S[VIM, L] 4.7
In particular, when o = 0 we obtain the following solutions of Eqs (4.1) in the form of periodic

travelling waves.
“Fast” waves propagating at velocities in the range (3.9)

u =2U arcsin{k sn[k}ﬁ (x—v2),k])=Ww
“Slow” waves propagating at velocities in the range (4.7)
u = 2U arcsin{dn{IA, I% (x—~v0),k)} = Ww
where 0 <k < 1.

In the limiting non-linear case k = 1 the periodic “slow” waves become solitary travelling waves
(solitons)

u = 4U arctg(exp{IA, 12 (x - v1)]) = Wi

Using the reflections (3.4), one can obtain solutions with other sign combinations.
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If m; > m, (8 — 0), the solitons may propagate at velocities v € [0, ¢2[. In that case the displacement
of particles in the crystal is independent of the velocity of wave propagation. If the masses m, and m,
are commensurable, the solitons may propagate at velocities in the range (4.7), i.e. we have

Ve [0, {uM,c if 2>1; vie [0, UM, 1 if <1

Consequently, if the acoustic velocities of non-interacting chains are different (c? # 1), a gap will appear
in the velocity spectrum of the solitons, i.e. the system will act as a kind of soliton filter. Here the relative
displacement (“upper” particles relative to “lower”) will remain the same as in the FK model (per period
of the chain), but the absolute displacement will depend on the velocity of wave propagation.

5. On the basis of the solutions constructed in Sections 3 and 4 and the equivalence transformations
just found, one can obtain certain solutions describing the long-wave dynamics of the above mechanical
system when there are additional shear forces.

Using (3.5) and the third equivalence transformation (2.2), with variables changed by the rules

u—>uld, u—ald (.1

and, x = o1 - c})/(1 + 8%), we obtain a solution

&
u=15P0 =-3%w

[the function p(t) satisfies Eq. (3.6) or Eq. (4.2)] which describes oscillations of the particles in the “upper”
and “lower” chains, on the assumption that both chains are subject to additional shear forces of equal

magnitude but in opposite directions.
Using (3.5) and the second equivalence transformation (2.2), with variables changed as in (5.1)

and

we obtain a solution

2 1 ot -1
1+82p(r)+m’ W_—1+82p(t)+m’ m—2c2(1+82)

U=

(p(?) satisfies Eq. (3.6) or Eq. (4.2)) which describes the displacements of the particles when only the
“upper” chain is subject to additional shear forces.

Analogous solutions may be constructed for travelling waves. Indeed, using (3.7) and the first and
third equivalence transformations, with the change of variable (5.1) and the substitution

2 2 _
=a(1+8 )u, ay=ay, =0, K=a(c 1)’

a
8 éc o

we obtain a solution

u=Up(x-vt)=Ww

(the function p(x — vr) satisfies Eq. (3.8) or Eq. (4.2)) which describes travelling waves in the chains,
when the latter are subject to shear forces of equal magnitude but in opposite directions.

Using the first and second transformations (2.2) with the same values of a3, a9 and a;y and
with

a(c? -D(1+8%?)

A=0, A=
8%

and making the change (5.1), we obtain from (3.7) a solution
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u=0"82 (02 - c)p(x-vt)-(1+8Y)w), w=0""{(1-v?)p(x-vt)-(1+5*)w)

(p(x — vr) satisfies Eq. (3.8) or Eq. (4.6)). Here only the “upper” chain is subject to additional shear

forces.
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